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A family of Lagrangian stochastic models for the joint motion of particle pairs in
isotropic homogeneous stationary turbulence is considered. The Markov assumption
and well-mixed criterion of Thomson (1990) are used, and the models have quadratic-
form functions of velocity for the particle accelerations. Two constraints are derived
which formally require that the correct one-particle statistics are obtained by the
models. These constraints involve the Eulerian expectation of the “acceleration’ of a
fluid particle with conditioned instantaneous velocity, given either at the particle, or at
some other particle’s position. The Navier-Stokes equations, with Gaussian Eulerian
probability distributions, are shown to give quadratic-form conditional accelerations,
and models which satisfy these two constraints are found. Dispersion calculations
show that the constraints do not always guarantee good one-particle statistics, but it
is possible to select a constrained model that does. Thomson’s model has good one-
particle statistics, but is shown to have unphysical conditional accelerations.
Comparisons of relative dispersion for the models are made.

1. Introduction

The Lagrangian statistical description of turbulent dispersion dates back to Taylor
(1921). Batchelor (1949, 1952) has extended those initial ideas, and related fluid particle
dispersion to passive-tracer concentrations (see §3). Obukhov (1959) was the first to
propose a stochastic differential (Langevin) equation to model dispersion of one
particle in a homogeneous turbulent flow. Subsequently, many authors have sought to
extend the one-particle stochastic-equation modelling technique to more complex flows
(Sawford 1985; Sawford & Guest 1988) or to devclop a two-particle model (Novikov
1963; Durbin 1980; Sawford & Hunt 1986; and Kaplan & Dinar 1989). Pope (1987)
also gives an account of stochastic modelling of particle trajectories. Many of these
attempts have been of an ad hoc or otherwise inadequate nature. Recently, Thomson
(1987, 1990) and Pope (19944, b) have provided a much more comprehensive and
rigorous approach to both one-particle and two-particle modelling. In this paper we
propose to continue the development of Thomson’s (1990) approach regarding the
two-particle dispersion problem.

The models mentioned above have been developed explicitly for idealized forms of
turbulence and have been only partially verified for real flows approximating these
idealized situations. For example, Thomson (1990) developed a two-particle model for
isotropic homogeneous decaying turbulence, generated concentration statistics
numerically and compared these results with the wind-tunnel data of Warhaft &
Lumley (1978). The comparisons are encouraging but do not test the model in detail.
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For relative dispersion there are few other data with which to compare stochastic-
model predictions directly, particularly in the extremely large Reynolds number range
where such models are formally applicable. There are some direct numerical
simulations of turbulence (Yeung & Pope 1989) from which Lagrangian quantities may
be calculated, but these calculations are not yet of large enough Reynolds number for
the comparisons to be unambiguous. Similarly, kinematic simulation of flow fields
(Fung et al. 1992) is not yet sufficiently rigorous to clarify many of the questions we
would like to answer. Because of this lack of suitable Lagrangian data for model
verification, it is important to be as rigorous and objective as possible in the
development of models and to incorporate known physical and mathematical
properties properly.

It is natural to begin with the simplest case and therefore we consider isotropic,
homogeneous and stationary turbulence. It is also valid to ignore intermittency for the
level of discussion attempted here (Borgas & Sawford 1991, 1994).

The pivotal underlying assumption for our stochastic modelling is that in the
velocity—displacement phase space, in which continuous trajectories describe the
history of one or more particles, the random process which makes up that evolution
is approximately Markovian (this approximation becomes better as the Reynolds
number increases). Thus the future change in velocity is dependent solely upon the
present velocity and position and not upon its history. This is a difficult proposition to
prove from first principles. An elaborate asymptotic analysis by Borgas & Sawford
(1991) and Borgas (1991) supports this view. However, only the necessary (but not
sufficient) condition that accelerations decorrelate rapidly with time, on a timescale
that diminishes with increasing Reynolds number, is generally accepted. Nevertheless,
we assume that the process is approximately Markovian. Sawford & Borgas (1994) and
Borgas & Sawford (1994) consider in more detail non-Markovian aspects of the
Lagrangian velocity—displacement properties of turbulence.

Once the Markovian property is accepted, a particle at position x with velocity u at
time ¢ changes its position and velocity by increments which are solely functions of x,
1 and ¢ and some independent random increment (see §2). Choosing a model consists
of specifying ‘recipes’ for those functions. The approach of Thomson (1987, 1990) is
to specify the models in terms of given Eulerian velocity statistics, via the probability
distribution of the random velocity at x (or velocities at two points for two-particle
dispersion). Typically this probability distribution is taken to be Gaussian, or perhaps
a sum of several (suitably normalized) Gaussian distributions. Thus the Eulerian
statistics are specified in practice by one- and two-point velocity structure functions
which are common turbulence-field diagnostics.

The importance of Thomson’s approach is that it ensures that when the material
distribution is uniform, the model equations are satisfied by Eulerian flow statistics.
This also ensures that the model does not artificially un-mix material and (in the two-
particle case) does not generate spurious concentration variance in the absence of
gradients in the mean concentration.

A further assumption that has been implicit in the modelling is that the energy-
dissipation rate per unit volume, ¢, which is a random variable locally (the spatial
average of the energy-dissipation rate is a fundamental fixed parameter for any steady-
state situation) is non-intermittent (Monin & Yaglom 1975). Novikov (1989, 1990),
Yeung & Pope (1989), Pope & Chen (1990), and Borgas (1991, 1993) consider the
implications intermittency has for Lagrangian statistics, and Borgas & Sawford (1994)
analyse the impact upon stochastic models and the Markov property. In particular, it
is shown that for one-particle dispersion the effects of intermittency make the
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displacement p.d.f. non-Gaussian, but that this effect is so slight that it could not be
detected in experiments. Overall, the results from non-intermittent Lagrangian
stochastic models, which are employed for the remainder of this paper, are largely
unaffected by the small-scale intermittency of turbulence, and may be regarded as
capturing the leading-order contribution to dispersion (especially for the first few
moments).

Despite the objectivity and relative rigour of Thomson’s approach there still remain
problems which we attempt to address in this paper. Perhaps the major problem is that
Thomson's procedure does not yield a unique result, i.e. there may be many models
which are consistent with the specified Eulerian statistics and at present there is no
objective way to choose between these models. This was confirmed by numerical
calculations for the one-particle case in inhomogeneous turbulence by Sawford &
Guest (1988). Here we show that this non-uniqueness is non-trivial for the two-particle
problem even for the simplest possible turbulence field: homogeneous and isotropic
turbulence. In particular, in §4 we obtain specific forms of the model under the
assumption of Gaussian Eulerian velocity statistics. We demonstrate, both mathe-
matically and numerically, that the specification of the models is incomplete and that
they are therefore not unique. In §5 the non-uniqueness of the models is considered in
greater detail and a general family of models is found. One of these is the model
presented by Thomson (1990).

A second problem with the model presented by Thomson (1990) is that one-particle
statistics (obtained by averaging over the second particle) are not consistent with those
obtained from the one-particle model for homogeneous isotropic turbulence (which we
prove is unique). Whether or not these differences are significant in practical terms,
such a situation is clearly fundamentally wrong. In §6 we formulate a principle, called
‘two-to-one reduction’ requiring consistency between these two sets of one-particle
statistics. We are thus able to generate further mathematical constraints on the two-
particle models and use these constraints to distinguish objectively among the various
possible models. These constraints are derived in general, in particular avoiding the
restriction to GGaussian Eulerian velocity statistics; however, the precise implications of
Gaussian statistics are considered in greatest detail.

We implement the two-to-one reduction and test its efficacy by numerical calculation
in §7. Surprisingly, although Thomson’s model fails to satisfy our constraints it
performs well in the numerical tests (prediction of the one-particle velocity variance
and dispersion) which we apply. However, a new model is found which is formally
better and which satisfies some dynamical constraints (conditional pressure gradients)
imposed by the Navier Stokes equations and the form of the Eulerian statistics. This
model is the first two-particle stochastic model to make use of this dynamical
information, and differs from Pope’s (1985) application of such ideas. Furthermore,
the dynamical constraints show that the family of models that we consider explicitly is
the natural family for Gaussian Eulerian statistics. While this family, and Gaussian
Eulerian statistics, are primarily used for mathematical convenience, the comparison
with the most significant historical benchmark (Thomson 1990) also requires this
approach.

2. Background on one-particle stochastic equations

According to the Markov assumption, trajectories of independent fluid particles in
a turbulent flow can be modelled by the stochastic differential equations (Thomson

1987, 1990) du, = a(u, x.0)d1-+(C, )2 dW, (2.1)
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and dx, = u,ds, (2.2)

where u is the particle velocity, x is the particle displacement and d W is white noise
with correlation
AW dWt+1)) = 6,;8(r) de d(¢+7). (2.3)

The coefficient (C, ) ensures that the Lagrangian velocity structure function satisfies
Kolmogorov’s scaling in the inertial range, i.e.

{du(9) dufr)) = 6, C,e dt.

¢ 1s a parameter which describes the mean rate of energy dissipation in the flow while
C, 1s a universal constant so that, in principle, (2.1) is applicable to all forms of
turbulence for one empirically determined value of C,. The undetermined function a
may depend upon ¢ and o (the r.m.s. turbulent velocity fluctuation) as well as the
arguments shown explicitly. To model turbulent dispersion correctly, the proper choice
for @ must be made.

Equations (2.1) and (2.2) are equivalent to the Fokker Planck equation:

2P, P,
o ex,
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0
-a(aj Pr)+3Co¢ (2.4)
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where P, = P (u,x,t;uy,x,1t,) is the joint probability density for the velocity and
position of a particle given its velocity, «,, and position, x,, at time ,. We have assumed
that the fluid is incompressible, i.e. du,/0x; =0, but compressibility and variable
density can be accommodated (Thomson 1987, 1990). The subscript L indicates that
the probability is Lagrangian. Alternatively, if we take an ensemble average of P, over
an Eulerian (unbiased) distribution of initial states, the Eulerian probability
distribution of velocities, P,(u; x, 1), results, i.c.

Polu;x,1) = jPL(ua X, 15Uy, Xo, 1) Pp(uy; g, 1,) d* g, d x,.

Since the Fokker-Planck equation (2.4) is linear in P, it is also satisfied by P;. Now
P, may be considered as a prescribed property of the turbulence, and therefore
constrains a through (2.4). For example, suppose that the turbulence field is
homogeneous, isotropic and stationary, then P, is independent of x and 7. Equation
(2.4) (with Py) can then be solved for «; to give

1 0P,
=1 _—E
a;, = 2C0€PE au, + &, (2.5)
Equation (2.5) has been described as the ‘well-mixed’ criterion by Thomson (1987,
1990), and is absolutely essential for the successful simulation of ensembles of particle
trajectories. It ensures, for example, that an initially well-mixed distribution of material
is not ‘un-mixed’ by the action of the turbulence. The vector ¢, where

~

C
9—ui(PE $) =0,

Ji

1s included for completeness and shows that (2.5) is, in general, not a unique
representation of a.
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However, if we calculate the ensemble average of the conditional ‘acceleration’ of
a particle (for all flows with # = v, a given constant velocity vector at a given position
x at a given time f) then it follows from (2.1) that

& ) Pl = o, x.0)

It follows from isotropy and homogeneity that
a(v) = V(v)v,

for some function ¥(v), where v* = v;v,. This form ensures that the mean acceleration
vector is independent of rotations and reflections of coordinate space (isotropy) and
translations of the coordinate space origin (homogeneity). Because of (2.5), we must

also have
Py ¢ = ¢(v)y,
and therefore that
Y430y =0;
thus a definite form for ¢, emerges:
Pv) = Pgtev 2o, (2.6)

It is straightforward to see that only when the constant ¢ vanishes can (2.5) and (2.6)
represent a suitable form (consider either » 0 or o0).t Thus a relatively simple
determination of the appropriate stochastic equation is possible in this case. The
further assumption that

s 1o?
P, = (2rno?) 2 exp (—E?) (2.7)
finally gives the appropriate version of (2.1) as
du, = —GC,ea )y u,dr + (Cye)V* dW,. (2.8)

Note that the non-stationary case also yields a unique specification of a;, provided that
the flow is both isotropic and homogeneous.

When solving (2.8), the usual initial condition is that the velocity u, is chosen
randomly so that the probability distribution is Py(#,). It is possible then to solve the
linear system (2.8) and (2.2) exactly, to give the Lagrangian probability distribution for
position (averaged over all initial velocities)

2m) 32
£, = exp (M~ 3 (0) Z,— 5 O)).
where Dyt = 2crzti[exp (— L) + L 1] s (2.9)
tL tL

with 1, = 2¢%/(C,¢) and & = |&)], the determinant of %.

t If P, falls off algebraically for large v then it must do so faster than ¢ so that the kinetic energy
is bounded. However, in such situations a, would increase faster than v? with large v. Gardiner (1983)
points out that such models have the velocities accelerating to infinity in finite time which is
unacceptable.
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Equation (2.9) is a well-known result of turbulence theory (Taylor 1921), and hqs
been obtained independently of the formulation presented here. The point to note is
that isotropy, homogeneity and knowledge of the Eulerian P, fully determine 4, and
therefore allow the calculation of the Lagrangian properties and thus dispersion.
However, while this happens in this special case, it is not generally so for
inhomogeneous turbulence. Further work is required for the determination of ¢ in
more complex situations and this is yet to be done.

3. Two-particle statistics

We are particularly interested in the generalization of the system in §2 to involve
joint trajectories of particle pairs. The Lagrangian statistics allow higher-order
moments of dispersion statistics to be determined. For example, if #(x,) gives the
initial concentrationt of some passive marker with very small molecular diffusivity
then for subsequent times the concentration-field structure is given by

(6(x)6(x+4)) = JV (x,) L (x}) P(x, x+ 4,1, %, x5, 1) d° x4 d° x,

where P, is shown by its arguments to be the joint probability distribution for the
position of both particles. Consequently, the mean-square concentration is

(€x)) = ff (x0) & (xp) P(x,x, 15 x4, X, 1) d* x, d° x,.

The validity of this formula for mean-square concentration is discussed by Durbin
(1980) and more recently by Thomson (1990) and is based on the limit in which the
molecular diffusivity of the marker vanishes so that the dispersion due to turbulent
advection dominates. This limiting procedure also allows us to neglect explicit viscous
effects, i.e. we envisage a formal limit of large Reynolds number, Re—cc, and we
restrict our two-particle models to particle separations greater than the Kolmogorov
microscale, y = Re™** L (Borgas & Sawford 1991), where L is a lengthscale of the
turbulence, say o®/e.

For the two-particle problem we hope to emulate the results of §2, i.e. find
appropriate stochastic equations for trajectories based on Eulerian statistics and then
to provide solutions for P;. The two-particle problem is conveniently represented using
six-dimensional vectors, u and x, where the first three components refer to particle one,
the latter three to particle two. It is then possible to represent the Markov process
exactly as in (2.1) and (2.2). The Fokker-Planck equation also has the same form as
(2.4). Specific differences emerge because the two-point Eulerian statistics, even for
stationary, homogeneous and isotropic turbulence, depend on the separation of the
fixed sampling points. Thus explicit dependence on the spatial coordinates is
introduced, and we now write

P(u; X) = Py(us; ),

where 4 = x® —x® is a three-dimensional vector giving the separation of the points
x and x® in physical space. To avoid ambiguity where the same symbols are used to
represent both three- and six-dimensional vectors, the former are often written with
superscript particle labels (as done above for particles ‘one’ and ‘two’). In other cases,
the dimensionality will be clear from the context.

T Concentration is defined as the ‘amount’ of material within some fixed small volume &%x
surrounding the point x. For any finite volume therc are effectively many fluid particles contained
within, i.e. the test volume for defining concentration is assumed much larger than the idealized fluid
particles whose trajectories we simulate.
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That P, depends non-trivially upon separation can be seen by considering the
Eulerian velocity covariances:

= (s i) a1a
where ufP ulPy = P ulPy = 0?8y, (3.1b)
and P ulPy = uP uly = apyy (), (3.1¢)
with pid) =ﬁf’l§2‘—g£A—)Ai,Ajl+g(A) 8yp- (3.1d)

The notation developed above will also be useful in other contexts; since the higher-
order vector spaces we consider are integer multiples of three, it is possible to represent
an mth-order tensor in 7 x 3 dimensions as an mth-order block tensor in # dimensions
whose #™ elements are all three-dimensional tensors. Note that while i and j are indices
from the set {1,2,..., 6}, the indices with ‘or ” superscripts are either 1, 2 or 3: defined
asi=iifi<3ori =i—3if i > 3 and so forth.

The functions f(A4) and g(4) are known to be non-trivial (Batchelor 1953) but have
been measured experimentally and are therefore, for our purposes, supposed known.
Note that continuity requires that

df

g(d) = M) +34 74 (3.2)

Furthermore, for the purposes of calculation we will use the simple parameterized form

) =1~( ) (.3)

for some lengthscale .#. This has many useful properties (which are discussed below)
and has been used extensively in the past (Durbin 1980; Thomson 1990). It is possible
to estimate . by following Thomson (1990): calculating the integral lengthscale,

e IG)

Z=0.741%,
)

% = r/u) dd =

and using the empirical fact (Townsend 1976, pp. 61) that % ~ 0.80% ' suggests that
¥ ~ 0% = L (say). In the inertial sub-range (4 < L), (3.3) takes the form

A 2/3
A4 =~ 1—(§) = 1—-1Co~2e*3 A%3,

where the Kolmogorov constant C is given by 2(L/&)**~ 2, in accord with

measurement (Monin & Yaglom 1975, pp. 485).

An implicit property of (3.14a) and (3.15) is the two-to-one reduction which says that
ensemble averages of quantities dependent solely on particle one should be equivalent
to the one-particle results briefly outlined in §2. Therefore the ensemble average of u{"
ufP, as given in (3.1a), is independent of A4 and follows directly from (2.7). More
extensive use of the two-to-one reduction will be outlined below.

Because of the dependence of P on the separation 4, ¢ must satisfy the Eulerian
constraint

0 _ oP, @ P 0P
aui (‘PE ¢2) = uj axj = — (ujr ajr—uj, 87], . (34)
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However, ¢ is still not determined uniquely since an arbitrary divergence-free vector in
six-dimensional u-space may be added to P, ¢ without affecting (3.4). The two-particle
stochastic equation for velocity increments now has the form
ol ,
dul) = —1C, e=—log (Py(u, A))dt + ¢, A)di+(Cye)2d WD,

cuy
dufp = —1Cye= log (Pulat, ) di+ (. )i+ (Coep2awp, | O

which differs from the former Langevin equation because of the 4-dependence of the
coefficient of the terms linear in velocity, because of the cross-dependence of particle
one’s velocity increment on the velocity of particle two, and because of the non-trivial
(and non-unique) ¢-function.

Invoking isotropy, homogeneity etc. is of less utility in the two-particle case because
ensemble averages generally depend on a trio of three-dimensional vectors: &, u'®
and 4. From these a total of six independent scalars can be formed, and the averages
will generally depend on all of them. Thus the general form of & is

aP = pul +pulP g A, (3.6)

where f = (A, uPuP P u® PulP A, uld, A, u)

for each #. It will be shown that the imposition of isotropy through forms like (3.6) is
not sufficient to define a, uniquely. There is little to be gained by introducing these
reduced forms at this stage and we continue for the present with the general tensor
notation.

Note that (3.5) and (3.6) encapsulate the dependence of the motion of particle one
on that of particle two. We show in §6 and Appendix A that (3.6) is consistent with the
mean acceleration calculated from the Navier—Stokes equation. Alternative two-
particle models (e.g. Kaplan & Dinar 1989 ; Novikov 1963), in which 4} is required to
be independent of ¥ and A,, are consistent with this trivial mean acceleration only
when the particle motions are independent of cach other.

A simple assumption, which permits some general progress, is that the two-point
Eulerian probability distribution is Gaussian; therefore P, is fully determined by the
velocity covariances since the average velocities all vanish. While it is certainly the case
that the distribution is non-Gaussian in real turbulence, with the relative velocity field
skewed for example, for our purposes the simple model is adequate. This is because the
assumption is primarily used to derive an example of a stochastic equation to compare
with Thomson’s (1990) equation, where the same conditions apply. In addition, results
are derived later for general forms of P, so that the assumption does not limit us at all,
although whenever a definite example is discussed we restrict ourselves to the Gaussian
Py case.

Supposing that the velocity covariance is written

{ujuy = oA,
with the superscript minus one indicating the elements of the inverse of 2, it follows
that
Pz = A2y % exp (—30 u; Ay ), (3.7

where the index summation (both / and j) runs from 1 to 6 and A = |2] (the determinant
of A). In the sense of (3.1) we write

Alz(a p) and Az(d ﬁ)
e 8 B a
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where care is needed because there is no explicit differentiation between tensors in
three- or six-dimensional space in this notation. The three-dimensional tensors are
interrelated by

a=(5—pp) and B=—p(6—pp) "' = —pa

The block structure of the six-dimensional forms demonstrates a further necessary
property of the two-particle modelling, which is that the labelling of particles is
essentially arbitrary so that calling one particle ‘one’ and the other particle “‘two’ is
equivalent to the converse labelling; in other words, the physics is unaltered by the
choice of labelling. This is the case for the tensors above, as is indicated by the
symmetry of 2 and A7, but this principle must be applied more generally to the model,
particularly to the vector a. For the latter we must therefore have

aPW®, u®, A) = a®@W®,uV, — A). (3.8)

4. Quadratic-form models

We now provide some examples of stochastic models satisfying Thomson’s (1990)
well-mixed criterion for the case that P, is Gaussian. This serves a particularly
important purpose because we are able to show explicitly that for given P there is no
unique mathematical model specified by (3.7) and, furthermore, we show by simulation
that different models yield different practical results. Thus the non-uniqueness is
demonstrated to be non-trivial.

To solve (3.4) for ¢ with Gaussian P, (3.7), it is sufficient to consider a quadratic
form in the velocity components u,,

@i = i+ Vit iy

for some unknown tensors I'and y. By equating coefficients of the u, in (3.4), it follows
that

1 a/\kl 4.1
R Uy Uy Uy = gy Vi Uy Uy Uy, (4.1a)
T
aA s
and —IA7 2 = =Byt + Sy )+ T Ay 07 (4.1b)
i
A simple solution of (4.1a) is
O
Yig = —% ”1_6_)_(]7@ (4.2a)

However, because of the summation in (4.14) it is possible to permute the indices
cyclicly and find the alternative solutions

G A
Yige = — 30" ax, lAkLTY; (4.20)
P 2 71
and m-=—%f\~‘lc'\“=l A (4.20)

2N 27451
" oox, 7 0x,,

Actually, any linear combination of the three solutions given above, such that the
weights sum to one, is also a solution.
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FiGURE 1. Mean-square relative velocity increment, {(A«?) = {(« —«P)*) where «" = 4V —u"
etc. is shown for two different stochastic models. Independent particle motion is shown as the dashed
line. Parametersare C, =4, e = 1,0 = 1, 4, = 107 (1, = 107*%), and 2 x 10? particle-pair lrajectories
are simulated.

From (4.156) it follows that for the first solution (4.24)

oA
ax;’

=025 A

while I; vanishes for both of the latter two solutions. Notice that these last results are
equivalent to the average Eulerian acceleration vanishing, i.e. {a> = o, which requires

ri+o° Vi /\}k,l =0,

but has been arrived at without explicitly invoking that constraint.

Notice also that the first solution (4.2¢q) is symmetric in the indices j and k while the
latter two (4.2, c) are not. Because the tensor v, appears in a as the combination
Yijr Y; Uy, Only that part of ;. which is symmetric with respect to j and & is significant.
This symmetry property will prove useful in §5 as it avoids some redundancy. Thus
solutions (4.2b) and (4.2¢) are essentially equivalent because the difference between
them is antisymmetric with respect to the indices j and k. In fact, the solution obtained
from the normalized sum,

0AZ N A

1
Yie = 1A= t3A5
ij 1"kl axj 4% f(\xk

, 4.3)

which is symmetric in j and &, is in some sense more fundamental. Solution (4.2¢), or
equivalently (4.3), was presented first by Thomson (1990).

Without explicit consideration of the non-unique part of a, the solution we have
sought has in any case illustrated the problem. Figure 1 shows results of numerical
calculations with (3.5) for the mean-square relative velocity increments, {(«" — «{)?>
where «" = 4" —u{" etc. The calculations were performed with C, = 4, and an initial
separation of A4, = 107*L, using two models, (4.3) and (4.24). The smallness of 4,
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FIGURE 2. Mean-square relative displacement, (42> = {(z{" — 2®)*> where & = 1 —x{" —ul't
etc., is shown for parameters corresponding to figure 1.

ensures that the inertial range of turbulence is resolved (Borgas & Sawford 1991).
These results show that the alternative models produce significantly different dispersion
statistics. Both sets of results agree for very short times and very large times and differ
most in the inertial sub-range. The inertial range for both models has the correct linear
power-law dependence

(e — VY = Cet+ O for 1, <1<1ty, 4.4)

but the constant of proportionality, %, is model dependent. The inner timescale,
1, = (4%/e)*'?, is much smaller than ¢, in all of our work. The stochastic models give
different values for % because of the different acceleration structure corresponding to
different a-vectors. Moreover, these models differ from that obtained by assuming that
particle-pair cross-accelerations are negligible (Novikov 1963), since then 4 = 6C,.
Details of the acceleration structure are given later.

Mean-square separation increments, which are of considerable practical concern
because of their relation to concentration fluctuations and the dispersion of clouds of
material, are also model dependent, as shown in figure 2. Once again the inertial sub-
range is of primary concern with

{d,— 4,2 = CeP+0O(1Y) for ty<t<1, 4.5)

having a model-dependent coeficient %, which in general differs from the negligible-
cross-acceleration case, 4 = 2C,, _

There are no exact results for the values of the inertial sub-range constants % and %
and no reliable measurements. All estimates involve (sometimes obscure) closure
assumptions. For example, Fung ef a/. (1992) use a kinematic simulation of randomly
forced Fourier modes to represent a velocity field and find quite small values for 4 and
%. Because these estimates cannot be regarded as definitive, we treat the values of these
constants as unknown and hence cannot discriminate between various models on this
basis.



80 M. S. Borgas and B. L. Sawford

5. Non-uniqueness: a family of models

In this section we further extend the quadratic-form class of models corresponding
to Gaussian P,. Only some of the quadratic-form solutions of (3.4) have so far been
considered. It is useful to construct a gencral form of such quadratic solutions, of
which (4.24) and (4.3) are special cases. This is a convenient family to consider and
later we shall see that there are dynamical reasons for the choice. For the present, we
get an indication of what general procedures are required by examining this fairly
broad general subset of all possible forms for a in an objective way.

Setting ¢ = gﬁ+¢§, where ¢ corresponds to the quadratic form (4.2 a) which we adopt
as a ‘reference’ model, and N N

@ = 1+ P th s 5.1)

the tensor coefficients, which depend upon 4, are sought such that
(Py3) =0
a—ui( z Pi) = 0.

Linear terms in the velocity are omitted because they are found to be trivial (i.e. vanish
identically). Our aim therefore is to find the most general form of the tensor ¥, ; it
transpires that the structure is determined by just five arbitrary functions of 4. For the
appropriate choice of these functions we can recover (4.3) from the general family. The
details are given in the remainder of the section, and while these details are essential
for the technical calculations, it is not necessary to understand them to proceed with
the remainder of the work.
Using 0P, /0u, = — A u; Py/a?, the ‘solenoidal’ property is equivalent to two
independent equations:
/\ij ?ilm uj Uy, = 0 (52)
and — 8yt + Oy 1) + T Ayuyo™ = 0. (5.3)
Now let AV, = 2, whereupon (5.2) gives
Qi+ +82:4,=0 Vij and k. (5.4)

Here we have already used symmetry in the second two indices of €, j and k. At this
point it is necessary to consider the ‘block’ structure of £, using again the notation
of (3.1). It is also useful to corrupt some of the former notation such that superscript
indices in braces simply differentiate between the eight sub-tensors which constitute
Qe

{1} . 12 . {3} . {4 . {3y . 6 . {7 . {8}
Qigws Qs Qies Qs Qs Qs Qs Lpen (5.5)

? %

where the range of the indices is prescribed in (3.1) and, for example, the fourth tensor
listed has i > 3,j > 3 but k£ < 3. The sub-tensors are not all independent and symmetry
properties must be satisfied. For example, particle-labelling symmetry requires
Q== Q) =—Q7;
Oy =~ and Q) = —0F,.
The minus signs arise because each of the sub-tensors is an odd function of 4 which

follows from isotropy and 4 »— A4 upon labelling reversal (cf. (3.8)).
Furthermore, from the symmetry

Q=82

ikje
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it follows that all the tensors except €23}, and 2}/, are likewise symmetric in the latter
two indices, while for those exceptions

QY = — 0

ik TRG
Thus the symmetries greatly reduce the number of unknown quantities. In addition,

substituting the sub-tensors into (5.4), results in eight equations, of which two are
independent:

QUL+ QL +Q0 ., =0 Vi,j and K (5.6a)
and QR +Q%, —Q%,. =0 Vi, j and k. (5.6b)
Finally, isotropy implies that
4,4, 4, 4,

Q) = (48— Bo— &6 — pv) = (5.7)

)

A + B ’8”+C“‘ ’6 4 DB K ¥ K8
where the coeficients are functions of 4. For those tensors which are symmetric, i.e.
i=1, 2, we have ("% = D' In conjunction with (5.64) and (5.65), (5.7) implies that

AV =0; BY426Y =0, BY420®=0; AV424%=0; B¥4CU4 DY =0,
(5.8)

Therefore, the arbitrariness of the quadratic-form family reduces to five unknown
functions of 4: A, BY B2 % and D®

~Hence further non-trivial quadratic-form modifications to the solutions we have
already obtained are possible. It can be shown that when considered in the form
Ve U; 4, (Which is how the terms contribute to a) the new terms are a linear combination
of vectors in the directions &, u'® and A, and the coefficients are functions of the
scalars «{Pul®, uPul®, uMu®, A, A,u® and 4,u®, exactly as required by isotropy (cf.
(3.6)). Solutions (4.2) and (4.3) are, of course, also consistent with isotropy.

By definition, the reference model (4.24) is a member of the quadratic-form family
of models: given by 4, BY, B® (1% and D™ all zero. Likewise, Thomson’s model
(4.3) can also be represented by (3.1) with

oo 1 L su___ 8 1 (f+a)f

S, BV =t el
20a+0* (1-g%)* 4=/ -g%
go__88 1 U+ e 10480 1(/+9) -2 +f2)

! 1 A6
(- " aT—r1 = Ta-gr s a-ma-g o O
f_ 104 1 ey 1
S0 8U--g) 8a+Ni+e

Note that, because the Eulerian constraint (3.4) is linear, the family of solutions ¢ (the
fuil solution ¢ = ¢+ @) is closed under the addition operation.

6. Two-to-one reduction

Given that the stochastic models are non-unique according to (3.4), it is necessary
to consider further criteria for their selection and specification. That is the purpose of
this section, and we restore generality to P, for the discussion. Consequently, the
models are also allowed to be more general than the quadratic-form family considered
earlier.
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FiGure 3. The velocity-component variance, {u*> =3{w,u,>, is shown for the simulation
corresponding to figure 1. The expected unit value for stationary turbulence is modelled salisfactorily
well by model (4.3), with confidencc levels (95%) shown as the dashed lines.

A useful test of two-particle models is their ability to generate appropriate one-
particle statistics. For example, suppose that we have a large ensemble of particle-pair
trajectories; then by selecting from each pair the trajectory corresponding to particle
one we can construct an ensemble of one-particle trajectories. The statistics of the latter
ensemble must agree with those generated by an explicit one-particle model, say (2.8).
Note that this principle is not connected with the coincidence principle which says that
if the particle separation, A, vanishes then the particles must move as one. Because our
models are constructed on the basis of separation greater than #, no matter how small
7 (i.e. how large Re) the particles will separate according to inertial-range velocities and
will always move apart significantly in a finite time.

Thomson (1990) recognized the importance of two-to-one reduction but did not
address the issue in great depth; here, however, we derive useful constraints according
to that principle. Thomson (1990) chose to examine in detail only the properties of the
mean-square velocity fluctuation. Figure 3 compares the one-particle velocity-
component variance calculated from the two models (4.22) and (4.3) with the exact
one-particle velocity-component variance, a constant value 2. It can be seen that the
model corresponding to (4.2a) shows a systematic deviation from the correct value,
whereas the model corresponding to (4.3) has deviations which are of the order of the
expected errors due to computer simulation (bounded by the dashed lines). Here, the
standard error is approximately + o*(2/N): where N is 20000; then +0.02¢% is a 95%
confidence level. Similar results apply to the respective one-particle displacements
(figure 4). Again the two-to-one results obtained numerically for model (4.3) are rather
good and the results for model (4.2 a) less so. The exact result in figure 4 follows from
(2.9). Thus these results indicate that some models perform better than others, as
judged by one-particle statistics.

The two-to-one reduction principle can be applied to many different statistics, the
Lagrangian velocity variance being simply one example. In this section, however, the
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FIGURE 4. One-particle mean-square single-component displacement, {x*> = 2{(x,—x,,)*>, is shown
for the stochastic simulations of figure 1, and compared with the exact one-particle solution from
(2.9).

main emphasis is on two Eulerian constraints: (6.8), which says that the ‘acceleration’
of particle one, conditioned on the velocity of particle one at some instant, is the same
regardless of whether it is calculated from a one- or two-particle model; and (6.10),
which is concerned with the acceleration conditioned on the velocity of a second
particle a fixed distance away. The latter constraint is shown to depend explicitly upon
the Navier—Stokes equations.

The rationale for stressing these constraints over any others, and in particular over
the velocity variance, is twofold. Firstly, only Eulerian constraints lead to manageable
mathematical analysis, and, secondly, the ‘accelerations’ arise naturally at the lowest
non-trivial order in a small-time expansion of Lagrangian behaviour.

The remainder of this section furnishes the details and may be studied selectively.
The essential results are (6.8) and (6.10) although the derivation of (6.12) from (6.10)
with the accompanying use of the Navier--Stokes equations is also crucial. It must be
stressed that these results are for general P, and also for fully general forms of the
stochastic models.

Consider the general two-particle probability distribution

P(u,x,0)= 4" JPL(u, X, 15Uy, X, 1) Paltg; X, t,) F(x,) d®u, d® x, 6.1)

representlng the statistics of particle pairs initially distributed in space according to
5 2P (x) = 572 P(xV) P(x®). The normalization factor s, where

= [,?7(x<1’) dix,

requires that & is suitably integrable Note that the Eulerian p.d.f. is recovered from
the special limit where % is a uniform distribution and the Lagrangian p.d.f.
corresponds to the case where & is a d-function. However, here we assume that % is
suitably smooth (with arbitrarily many derivatives existing and bounded) so that
Taylor-series expansions of (6.1) are useful.

A fundamental property of P, is that it reduces to a one-particle p.d.f. on integration
over u® and x®, ie.

JPy(u, x, 1) &Pu® &x? = PV, xV, 1) 4. (6.2)
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Consequently, one-particle statistics calculated from the two-particle p.d.f. are identical
with those calculated from the one-particle p.d.f.

Now (6.2) must hold for any sensible model p.d.f. It can be shown that any smooth
solution to the two-particle Fokker—Planck equation is a well-defined p.d.f. in the sense
that when integrated as in (6.2) it produces a function with the properties of a one-
particle p.d.f. In addition, we further require that the one-particle p.d.f. be a solution
of the one-particle Fokker—Planck equation (2.4) under the appropriate initial
conditions. In this way we can ensure that one-particle statistics calculated from the
two-particle model are identical to those calculated from the one-particle model. We
refer to this requirement as the two-to-one reduction property. Clearly, since the model
two-particle p.d.f. is a function of a, this property constrains the form of a(u, x, 1).

We consider, then, a p.d.f. P, satisfying the Fokker—Planck equation which we write

as
P, ,
=L =L (6.3)
with the operator ¥ given by
, of 0 . Rf
Py =—u; = ——(a; C, e—+— 6.4
{f} u] axj auj (a]f)-'-zcﬂcaujauj’ ( )

with repeated indices meaning summation for j = 1-6. Henceforth we consider only
stationary turbulence, so Pg(u; x, ) = Py(u;x), with £{Pg} = 0.

According to our two-to-one reduction property, P; in (6.2) satisfies a Fok-
ker—Planck equation like (6.3), but with an operator ¥’ given by (6.4) for an
appropriate three-dimensional one-particle a-vector, i.e. (2.5) with ¢, =0 and with
summation of repeated indices only from 1| to 3. Let this one-particle a-vector be
denoted by @(u'") (for particle one say).

At the initial instant, ¢ = ¢,, P, = »7* Pg(u; 4. t,), and with a corresponding result for
P, (6.2) reduces to

jPE(u; A) S (x) Pu® P*x® = P(u®; xV) F(xDV) 5, (6.5)

where P, under the integral sign, as is indicated by the arguments, refers to the two-
point form. The Eulerian equation, (6.5), can be satisfied identically because we are free
to construct the Eulerian probability distributions appropriately. Nevertheless, it
remains to be shown that, for any particular choice of a (in the two-particle model),
the Lagrangian reduction (6.2) occurs properly. This difficult problem can be tackled
by expanding the probability distributions in a Taylor series about 7, while keeping u
and x fixed. The reason 1s that the statistics of the initial state are known and therefore
we may explicitly calculate the terms that arise in the expansion. For instance,
considering the two-particle statistics we have

: » 0P, 0*P,
Py(u,x,1) = Pplu; x) #(x) 5 z‘f‘(t'_to)a—'t/lt=t0+%(t*to)2'?:‘t=tﬂ+ . (6.6)

The time derivatives in (6.6) may be evaluated from the Fokker—Planck equation in
terms of £; and .(x). Thus it is possible to successively calculate terms of O((t—t,)")
for larger and larger n on the left-hand side of (6.2).The right-hand side of (6.2) can
similarly be expanded in a Taylor series in #—1,, which is like (6.6) except that one-
particle quantities are used. Thus we have an established hicrarchy of constraints by
equating powers of 71 —¢,.
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Consider the O(t—1t,) terms. The result for the first-order time derivative is

oP ) oS

Ezylﬁ=t0=${Bg,}I(:to=y{PEy}z—ujTYjPE. (67)
Notice that this result depends upon Z{P;} vanishing. Substitution into the left-hand
side of (6.2) leads to the term

)cf

5
J P(u; x)u; ayddu(z) d*x® = JPE(HQA) (“(2 S (2)+ i =

(1)
0x X

3..(2) 434.(2)
d*u'® d3x

fP ™) ((u‘”lu(”) )d“ @ 44V 0.9?) Pe(u™).

The notation < | ‘") indicates an Eulerian ensemble average over u® with the velocity
at xV fixed (equal to u®"). Following an application of Green’s theorem,¥ i.e.

]

o 0 .
Jf(x(z))a @ d’x +J (« @ ](x(Z))) d’x® = J-ZW((Z) (gfj(x(g))) d*x® =0,
I

the integral on the right-hand side vanishes by continuity (since {|) and &/¢x”
commute). The residual term,

0.7
ujl)'\ (]) E(u(l))s

is identical with the O(t —1,) Taylor series expansion of the right-hand side of (6.2), i.e.
(6.2) is an identity at O(r—1t,).

Higher orders become increasingly complex algebraically, but the principle is the
same. The O((¢—¢,)?) terms lead to two new (vector) constraints for a:

M uVy = auVy = —1, ul®, (6.8)

which is independent of x® (and x) and

a? | uVy =P, +

C 5
o WP uP | u®) (6.9)
for any ¥, such that ¢¥,/ex{® = 0.

Equation (6.8) follows directly from the physical concept of conditioned acceleration
of a particle and may be arrived at without our elaborate expansion procedure and
indeed appears to be the obvious two-to-one constraint from direct inspection of the
Fokker—Planck equation. On the other hand, interpretation of (6.9) is less obvious but
apparently has equal importance for the correct two-to-one reduction of the
probability. However, it also has a physical interpretation when we identify (a{® |u®
with the acceleration of particle two’s conditioned velocity:

d 9 ’
<a§2) |uV) = dr <u§“)(t) V(1)) le—e-
The following kinematic relationship can then be derived:
e 2
(a® |y = <dg’ | <1)> <%lu(n>+q - P u® | u, (6.10)

T To apply Green’s theorem we need to make some assumptions about the behaviour of the
functions at ‘infinity”; however, it is always possible 1o restrict the class of functions from which &%
is drawn so that the conditions are satisfied.



86 M. S. Borgas and B. L. Sawford

provided that the separation of points is such that 4 > y which is always true in the
present context. This means that (6.10) is an inertial-range quantity when 4 » %, and
in particular the velocity increments similarly conditioned, i.e.

UPE)—uP (w0 (¢ > 1)

vary with inertial-range timescales rather than 7, = (¢/ v)t, which would be the shortest
relevant timescale for one-particle statistics. Thus with

Ny (2)
P, = <%~Iu‘“> (6.11)

(and therefore 0%, /0x{? = 0) the two-to-one reduction is correct at O((—t,)?). Note
that, since the time derivative and conditional average do not commute, stationarity
does not necessarily imply that ¥, vanishes. This is because Py is a two-point (therefore
spatial derivatives commute), not a two-time, p.d.f. Models that satisfy (6.9) with ¥,
different from (6.11) are not reasonable models of fluid-particle accelerations, but are
acceptable statistical models purely on the two-to-one reduction basis. Since we are
concerned here with models of fluid-flow turbulence we shall insist upon (6.11) and not
consider any more general models.

Although the constraints (6.8) and (6.10) can be arrived at by evaluating the
appropriate acceleration statistics directly, the expansion procedure set out here shows
the importance of such constraints in ensuring the proper two-to-one reduction, and
furthermore generates and identifies a hierarchy of constraints in a systematic way.

The Eulerian distribution, P,, allows the computation of the spatial derivative of the
conditional average, but not the time derivative. This term could be written down if we
had two-point and two-time Eulerian statistics, but we assume only the former.
However, the calculation of (6.11) is implicit when we use the Navier—Stokes equations
(conditionally averaged) to substitute for the right-hand side of (6.10) so that

1 ap(2) azu@)
<a§2)|u<l>>=—~<w|u<l> +v<%~|u<l> FUP Y (612)
p\ o, od, o4,

where all the terms on the right-hand side can be determined purely from the
knowledge of P, and prescribed external forcing statistics (properties of f). For
example, the viscous-stress term may be evaluated for our Gaussian p.d.f. as

2 (2) 2
y O*u; [® ) = O Pik ey
04,04, 04,04, ko

which vanishes as v—0 (Re—>o0) for fixed 4. Thus the principle contribution to the
right-hand side of (6.12) comes from the pressure gradient and external forcing term.
These terms will be considered in more detail later.

Similarly to the O(t—t,) and O((t—t,)* terms, more constraints arise at O((z—¢,)%),
although the analysis is rather lengthy. We prefer to concentrate on those constraints
already listed in this paper. However, it is appropriate here to briefly reconsider the
numerical results given in figures 3 and 4 for the one-particle statistics generated by
models (4.2a) and (4.3). The failure to reproduce the correct one-particle velocity
variance in particular is a consequence of the general two-to-one reduction violation.
For small times, Thomson (1990) shows that model (4.3) behaves like

{usupy = 60° — (A F(A) QAF (4)+ 5F(A))) 44 (1= 1, + O((t —1,)°),  (6.13)
where F'= A7*(f—g) and the coefficient of the (1—1,)* term is not identically zero.
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Clearly, model (4.3) then violates two-to-one reduction. In general, (6.13) may be
written as

~

5 a, da 0%, ;
luuyy = 6(72+<a a;+u = ° + Uy +1C e( lj+u,‘ ! )> (t—1t,)*
j a=4,

i /W " Ou; Qu

(plus higher-order terms) so that setting the coefficient equal to zero may be regarded
as a constraint on a. Manipulation of this expansion using the fact that P satisfies the
two-particle Fokker—Planck equation (cf. (2.4)) gives the simpler expression

{ujuy = 6(72+2(—a— {u,uy, ai>) (=t +..., (6.14)
0xy, A=4,
which is linear in the unknown vector a. In general, the models violate the reduction
at second order in time increment. However, when principles (6.8) and (6.12) are
satisfied, it is shown in that Appendix B that the reduction of one-particle velocity
variance occurs correctly in the special case that P, is Gaussian and for quadratic-form
a. Thus, principles (6.8) and (6.12) are the fundamental two-to-one constraints at
second order in time increment.

7. Implementation of two-to-one constraints

In this section, we explore the possibility that the general quadratic solution derived
in §5 may be constrained by, and satisfy, the two-to-one constraints (6.8) and (6.12).
This of course specializes the results to Gaussian P, and gives the main results that:
first, (6.8) provides one linear algebraic equation reducing the five unknown functions
of §3 to four; while, secondly, (6.12) furnishes a further three relations finally giving
a family depending on only one function of 4. Once again the technical details can be
ignored at a first reading. The critical result is (7.6), which is the third-order tensor in
the quadratic-form model and which is fully determined except for the function ¢(4)
which is shown explicitly. Calculations are then undertaken with this reduced class of
models with an emphasis on inertial-range properties. It is shown that a new model
exists which is as good as (4.3) for predicting constant o2, but has additional theoretical
underpinning. Remarkably, the relative dispersion results differ modestly between (4.3)
and the new model which suggests that the behaviour of (4.3) is robust and that the new
constraint (6.12) (leading to (7.5) and thence to (7.6)) is of limited practical importance.
On the other hand, if we ignore the behaviour of o2, then very large variations of
relative dispersion can occur even within the class of highly constrained quadratic-form
models.

The standard technical procedure for examining two-to-one reductions, given that
Py is Gaussian and the a vector is a quadratic form in the variable u, is to make the
substitution

U = Pey ”;"]) + %y &5 (7.1)

which defines a new dummy integration variable in the averages over u®, & (with
dimensions of velocity). The tensor ¥;,, which depends upon 4, is prescribed by

P Dy = Oy — Pon Py
and the first two-to-one constraint (6.8) takes the form

2
Ja}”(u“), pu + 9, A) exp (—%(g) ) dPE=—7"uld Vi
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It is difficult to make any analytical progress for anything but the simple quadratic-
form case for which the relevant results are
Ty = Py Bre —pyv o) v,/ and (7.2a)
7’%3’&'"*’?’?5%' Pl'j"‘?’z"j/t’/)z’k' ’ya."l’m’pl'j’pm/k’ =0, ’ (7.25)
It can be shown by using either the solenoidal property (5.3) or the zero-mean
acceleration constraint when averaged over uV,

’

F - (f 7;]k /\]}r!

that (7.2a) is a consequence of (7.26). In general, (7.2b) corresponds to three scalar
equations:

AN 2fA4F — 24" =0

B(1~§+2gB[3}_g2B{z} — 0;
and C{1}+fc{3}+gD{3; _fgc{m =0,

where the functions involve the modifications, 4%, B'Y, B, € 2 and D", according
to the definition (5.7) of £ These equations apply generally to quadratic-form
solutions, including both (4.24) and (4.3). However, from the symmetry constraints
(5.8), they are not all independent and a single equation governs this two-to-one

reduction: - - - -
(1—fg3) BY —2g(1 = )C#+ DN +(f—g%) B¥ = 0. (7.3)

Thus the two-to-one reduction for a is non-trivial since it constrains the possible
quadratic-form modifications; of the five arbitrary functions identified above only four
are ‘independent’. Note that both solutions (4.2«) and (4.3) satisfy (7.3).

We now consider the second constraint, (6.12). By the same procedures as above we
find that (6.12) requires

o
{2} 14}

¢ 1
Yire T Viiw Pry "/?j}/z' Pl'k'_?’é'lz}'m’Prj'Pm/k’ WA jk (4) +fz; ) (7.4)

where Z.,.(4) is related to the conditional pressure expectation which is determined
solely from the Navier-Stokes equations and P, at least in the inertial range where we
neglect the forcing (represented here by f;,,.(4)). This result, derived in Appendix A for
the Gaussian form (3.7) for £, is

PPNUYY = B AU D + 5% o 4),
Isotropy of the turbulence further requires that

A.4
{Zk(A) = (/51 “/32)—]—2_k+/‘2 Sj]c’

where the functions 4, 4, and 4, are listed in Appendix A.

The basis for the quadratic-form assumption can now be seen to depend essentially
upon the Gaussian form for P, which implies through the pressure-gradient term that
the conditional acceleration, {a® |u™?, is a quadratic form with respect to the u™
velocity variable:

) A.
[, 0N — (,,(1) 2 4L
{a;”|u >“Aijk“j ' +a ﬁsja
where

AAA

;2 ; Ak
uk (/‘ /‘2_2(/‘1“/&2)) +ﬁzA67k+ (/”1 ﬁz)(d ik Zaz‘j)'
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Similarly, using the kinematic condition (6.10), but ignoring the time derivative, also
yields quadratic forms in ¥ for {a‘® |u‘V}. It therefore seems reasonable to examine
quadratic forms for {cu'® /o¢| u*) as well. This result is some way short of proving the
absolute necessity of a quadratic form in the full velocity # when the Eulerian p.d.f.
is Gaussian, but it supports the examination of quadratic forms as an important
family of models. Novikov’s (1963) model is linear in u and hence is consistent
with the quadratic form for (a{® &™) only for the trivial and unrealistic case that
#1 = pry = 5 = 0, 1.e. when the spatial structure of the Eulerian field is ignored.

The constraint (7.4), apart from the novel right-hand side, bears a remarkable
similarity to the corresponding two-to-one reduction principle (7.254). However, the
new equation represents three additional constraints on the formulation of the
stochastic models because the left-hand side is characterized by three scalar functions
for the jk-symmetric isotropic form of A,,. Thus (7.4) is equivalent to the scalar
equations

(=31 +f) A = —}/p \

(1-g)(1+£)(BY+ B®) = —}O #y (7.5)

4B~ B+ (1= fe) Co—(f=g) D = L

where the functions with tildes are the modifications (cf. (5.1)) to the reference solution
(4.2a) in §4. Thus, unlike system (7.25), (7.4) does not collapse into a single equation
under the imposition of (5.8). However, because the general quadratic-form solution
for a depends on four arbitrary functions since, using (7.3) we can reduce the five
unknowns of §5 to four, it should, in principle, be possible to satisfy (7.5) (and hence
(6.12)). Note that terms from (4.2a) do not contribute to (7.5) because {(a®|uV>
vanishes identically for that model.

Briefly, we consider two of those models that have so far been examined: the
reference model with y,,, given by (4.2a) and Thomson’s model (4.3). Both of these
implicitly satisfy (7.3) so that there is no discrimination by that two-to-one reduction
constraint. Figure 5 shows the calculated pressure-gradient coeflicients ( 4], 4, and
#11— f5) In the quadratic form (A 5) for the conditionally averaged pressure gradient.
The solid lines mark the terms determined (in Appendix A) from the Navier-Stokes
equations. Now the reference model (4.2q) is defined by

A% = BV = Bt — 2 = DB = (.

Clearly this solution fails to satisfy (7.5) and in figure 5 the discrepancy is measured by
the deviation of the solid lines from the 4-axis. It is less clear, but nevertheless true, that
when the modifications are given by (5.9), which defines model (4.3), system (7.5) is
also violated. In figure 5, the implied pressure-gradient terms corresponding to (4.3)
(the left-hand side of (7.5)) are represented by the dashed lines and thus the discrepancy
is measured by the appropriate difference between the dashed and solid lines. In
qualitative terms, this is at least as large as the former difference between model
(4.2a) and the Navier-Stokes forms. Thus both models considered so far violate the
two-to-one reduction.

Solving (7.3) and (7.5) for modifications that do reduce properly is straightforward.
Bearing in mind that there are four unknowns and three equations, the solution is not
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FiGURE 5. Conditional pressure-gradient functions (coeflicients in the quadratic form) as determined
in Appendix A and shown by the solid lines. Model (4.3) represents the corresponding pressure
gradients only approximately, as shown by the dashed lines. Model (4.2a) has pressure-gradient
coefficients which vanish (and lie along the A-axis).

unique, and the quadratic-form solution contains one arbitrary function of 4. It is
possible to represent that solution in general. Suppose we have two solutions for
constrained modifications: ¥, and ¥;;,. For instance, the first can be defined to have

D#=0
while the second solution can be defined to have
B — B‘{z}’

both simply for convenience with no particular physical implications. Then a general
quadratic-form solution satisfying both (7.3) and (7.5) is given by

0A, . ~
Yiik = _%’\le BZ]E + (P(A)%jk + (1 —p(4)) Yijrs (7.6)
i
where ¢(4) is an arbitrary function of A. The inertial-range properties of Lagrangian
solutions corresponding to (7.6) depend more precisely on the form of ¢, so that when

=@ AP+ A7+ (7.7

the inertial-range properties are functions of the constant ¢,. If @ is more singular than
(7.7) (as 4—0) then the stochastic-equation solutions cease to have Kolmogorov
scaling properties in the inertial range. If ¢ is less singular than (7.7) then the inertial-
range properties are those of the reference model (4.2a). In the computations examined
here, we simply vary ¢, and set ¢, = ¢, = 0. Note the latter two constants have more
of a role for the larger scales (4 ~ L), rather than in the inertial range, and therefore
the nature of the forcing terms, which we have neglected, may influence the choice of
¢; and @, in a more detailed study of the large scales. For the same reasons, it may be
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FIGURE 6. Velocity-component variance, {#*) = ¥, u,), for the new model (7.6), for a range of g,
values in (7.7). The earlier simulations (figure 3) are also included. The solution with ¢, = —0.4 is
approximately correct, as is (4.3) for this statistic. The other parameters are as in figure 1.

anticipated that ¢, and ¢, (and the forcing) control behaviour for large times rather
than during the ‘inertial-range’ times. We also note that the terms ignored in (7.7) are
anticipated to be suitably small in the large-4 limit, i.e. (7.7) is not strictly a power
series expansion in the parameter 4723,

In principle, solution (7.6) is more acceptable than either the reference model (4.2a)
or Thomson’s model (4.3). However, in practice it was found that model (4.3) produced
numerical simulations for the velocity-component variance (figure 3) and one-particle
displacements (figure 4) which were very nearly correct. Model (7.6) can certainly do
no better than this based on those criteria. Indeed, the numerical simulations for
several solutions with differing values of ¢, give a wide spectrum of velocity-variance
results, which are shown in figure 6. Some solutions, despite satisfying more rigorous
two-to-one constraints ((7.3) and (7.5)), have velocity fluctuations deviating by
10-12% from &*. Also shown on this figure are the results for a solution constrained
simply by (6.9) with the ¥, all set to zero and which are similarly in error. However,
it is apparent that by judicious choice of ¢,, the velocity-component variance is
adequately modelled in the inertial range (with less than 1-2% deviations from ¢?).
Likewise, these same conclusions and observations apply to one-particle dispersion
statistics.

It therefore seems that (7.6), as well as being an important theoretical concept, is a
feasible constraint to implement in practice and gives a model that is more acceptable
than cither (4.3) or (4.24).
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FIGURE 7. Relative velocity fluctuations, (4a?) = ((«" —#®)*y where &« = u™ —uV etc., is
shown for the simulations described in figure 6. The inertial range is emphasized.

Relative-dispersion statistics from the new solutions are shown in figures 7 and 8 in
which the inertial range is emphasized The effect of varying ¢, is evident by the quasi-
parallel shift of the curves in these figures, which implies the functional dependence
% = %(¢p,) and € = €(q,) of the inertial-range constants for velocity and displacement
structure functions respectively. Now we note that the new solution with ¢, = —0.4,
which according to figure 6 is very nearly the ‘best’ solution based on the constancy
of velocity varniance, actually has inertial-range characteristics similar to those of model
(4.3) (¢ ~7.5and ¥ ~ 1.8 when C, = 4). The results for the new model are ¥ = 6 and
% ~ 1.3, i.e. slightly smaller numerical values than for model (4.3) but not as small as
Fung et al.s (1991) results (which also imply larger C,). The differences for larger times
(beyond the inertial range) are inconclusive because of the neglect of forcing terms.
Thus in practical terms, model (4.3) and the more completely constrained model are
not markedly different. The improved dynamics of the new model implies a reduction
in the value of the constants from Thomson’s model (4.3), in line with kinematic
simulations, and perhaps a model which used more realistic (non-Gaussian) P, and
more complex (non-quadratic form) @ would follow this trend.

8. The magnitude of C, and the diffusion limit

There is considerable debate about the value of the universal constant C,, let alone
the values of ¥ and %. The value C, =4 falls in the middle of the experlmental
estimates by Hanna (1981), but recent analy51s (Sawford 1991) indicates that a higher
value may be appropriate. Here we explore the effects of varying C, on the relative-
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FIGURE 8. Mean-square relative displacement, (4% = (" —2P)?> where =V = xV'—x{’ —uPt
etc., is shown for the parameters of figure 6, emphasizing the inertial range.

dispersion inertial-range constant, € (see (4.5)), for some of the quadratic-form models
derived in §§4 and 7. Figure 9 shows estimates of 4§ obtained numerically from the
slope of plots of (A*) ~ %¢* with log-log axes for several models. The diffusion limit,
which corresponds to the limit C,—o0 and is derived in Appendix C, and the line
¢ = 2C, (for independent particles) are also shown. For large C, the numerical values
for all models converge to the diffusion limit, confirming Thomson’s (1987) theoretical
analysis. However, the diffusion limit is a good approximation to relative dispersion
(according to these quadratic models) only for C, > 20, which is much larger than the
accepted range C, ~ 2-7. In general, the quadratic models that we have examined
diverge in their relative-dispersion predictions for small C,. However, over all the range
of C, for which we have made calculations, Thomson’s model (4.3) and the optimum
two-to-one model (7.7) give similar relative-dispersion predictions in the inertial sub-
range for moderate to large C,, but differ for smaller (probably less relevant) C,.

For C, < 2 relative dispersion according to both these models proceeds at a rate
greater than that of independent particles (i.e. € > 2C,). This violates the inequality
constraint derived by Borgas & Sawford (1991) who showed that the effect of
correlation between the accelerations of the pair of particles is to reduce the relative
dispersion.

9. Conclusions

In this paper we have shown explicitly that there is non-trivial non-uniqueness in
two-particle Markovian stochastic models of dispersion, i.e. different models can be

4 FLM 279
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Thomson’s model (4.3) and the new constrained model (7.6) with ¢, = —0.4. The diffusion limit
{Appendix C) and the independent-particle case are shown as solid lines.

obtained for the same Eulerian velocity statistics and such models have different
Lagrangian statistics. In particular, the inertial-range dispersion and velocity statistics
depend on the model chosen. We have also shown that the one-particle velocity
variance, which is a known Lagrangian statistic, is not adequately modelled by every
model.

A hierarchy of constraints has been developed so that two-particle statistics
generated by the constrained stochastic models reduce to one-particle statistics when
averaged over either one of the particles. The hierarchy is ordered by a power series in
a time increment, &7, from an initial instant where the particles have fixed separation
4,. These constraints have been considered to second order in ¢, and can be related
to conditionally averaged WNavier—Stokes equations. This represents a novel in-
corporation of explicit mechanics for such stochastic models. Although the constraints
that are derived here have simple physical interpretations, our procedure shows them
to be related to two-to-one reduction in a rational way.

The Navier-Stokes equations together with the Gaussian Eulerian statistics lead
naturally to models which are quadratic in the particle velocities. A class of such
quadratic-form models has been derived for isotropic homogeneous turbulence for
Gaussian two-point (Eulerian) velocity statistics. When constrained only by symmetry
and Thomson’s (1987) well-mixed criterion, this class reduces to five unknown
functions of 4. Thomson’s (1990) model is included in this class of models and
calculations show that it generates the one-particle velocity variance to within the
statistical sampling uncertainty despite having conditional accelerations inconsistent
with the Navier—Stokes equations.

The quadratic-form models, when additionally forced to satisfy the second-order
two-to-one reduction constraints, reduce to a family dependent on only one unknown
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function of 4. Numerical simulations for times larger than which a truncated 8t-series
expansion is accurate, have shown that not all of these constrained models generate
satisfactory one-particle statistics. However, it is possible to choose the unknown
function to optimize the model’s prediction of the one-particle velocity variance. The
one-particle performance of this optimal model is comparable with Thomson’s (1990)
two-particle model. The two-particle results from either Thomson’s model or the newly
constructed quadratic model are similar, although the conditional accelerations for
each model clearly differ. This suggests that the dispersion described by these two
models is fairly robust.

We have chosen the final unknown function in the class of quadratic models
empirically (so that one-particle velocity variance and one-particle dispersion are
approximately correct). In principle, further two-to-one reduction constraints (say at
third order in 6¢) would fix this arbitrariness. However, except in Novikov’s (1963) case
of dual particle independence and for trivial two-point acceleration correlations, it is
clear that there is insufficient freedom within quadratic solutions to impose all the
constraints at higher order in ét.

A fully general analysis involves relaxation of both the assumption of Gaussian
Eulerian statistics and the choice of quadratic drift terms. This seems formidable and
perhaps unwarranted, especially because the newer more highly constrained model
differs moderately from that of Thomson (1990) in quantities of practical interest. _

We examined the variation of inertial sub-range constant for relative dispersion, €,
with the velocity-structure constant, C,, through numerical simulations for three
models: the new model, Thomson’s model and the reference model. The new
constrained model and Thomson’s model are similar across the range of C; values
considered (1-20) and differ most significantly for small C,. However, there is a
considerable difference between those two models and the reference model (by a factor
of two or three in the physically meaningful range of C,). Although the reference model
can be discounted because it violates the second-order constraints and also because its
one-particle statistics are relatively poor, the large differences suggest that the small-
scale structure (the inertial range in particular) is sensitive to model details.
Furthermore, the effect of uncertainty in C, is probably at least as significant as the
differences between models.

Appendix A

In this Appendix we consider the Eulerian conditional average, ?7 = (p@|u™>, which
is the mean pressure at x + 4 given that the velocity at x is #'V. 2 is a function of both
u'V and 4 and can be determined from a Poisson equation (see Batchelor 1953):

~ Ou® ous® i
Vip = — (e R YLt ) B 2T, I N Y] Al
7 '0<aAj ) e (. %)

where V24 = 022/04,04,. Equation (A 1) can be solved for # provided that the
tensor
<u(_2)u(_2) | u(1)>
3 7
can be specified. This tensor can be determined directly from P.(u”,u®; 4), and in

particular for a Gaussian form of this probability distribution we have
CuPuP | uy = pyy i uiusy) — (8= pige Pry),
which is the form we shall use. The solution of (A 1) implies that
PV, 4) = 2 uPu? + o P(A),

42



96 M. S. Borgas and B. L. Sawford

where and  P(4) = 4,(4).

i}

The Poisson equation then reduces to a set of ordinary differential equations for the
functions s,, 4, and 4. The solutions so obtained are unique under the specification
of the boundary condition at infinity, which is that the conditional pressure expectation
vanishes for infinitely large separations.

The solution for the above conditions has

oc %] 'A
fo =3P L & d§+§p42f gy dg‘l‘%Pdﬁf £ dg, (A2)
A 1}
0 o A
po=— [ g dimton, [ ey ai—gon [ errae @y
A A 0
and f3 =3P fx’ £f* dé. (A 4)

For the calculation of particle two’s mean conditional acceleration we require the
pressure gradient. Furthermore, we ignore the contribution from the viscous stress
provided that 4> (*/¢)V/* (the Kolmogorov microscale) and we ignore any
contribution from external forcing, i.e. we assume that the forcing at particle two’s
position is independent of V. In terms of our solutions the pressure gradient is
expressed as

op® , 4,
< 3 ' l (l)> = A”k u;D u(l) + g Fos—> (A3)
where

AAA

2 1 A4, 4,
A1k=(ﬁ;'—ﬁé_z(/‘1 /‘2)) /‘ A 1k+z(ﬁ1—ﬁ2)(j8ik+78i7)'

Because of the derivatives and combination of 4, — 4, in A, the numerical
calculation of (A 5) only requires the computation of

ré“f”“ d¢ and j B g,
A 0

which we denote by .# *(4) and .# J(4) respectively. This, in general, is a numerical task
and requires the parameterization of the structure function f{4). We shall use Durbin’s

(1980) form (see also (3.3)),
2 1/3
) =14 5)

A+ F?
where & is a lengthscale. In this case we have
f/(A) — _%gzd—l/3(dz+a(£2)—4/3

and so the integrals may be expressed as
sray=se | genagy e dg
Al ¥

Al E
and SHA) =" f £175(1+ )7 dg.
0
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The integrals in a non-dimensional form,

] A
IXA) =3%" 2f($) and f;(A)=%$3£(§),
can be tabulated, using a combination of both Simpson’s rule and asymptotic
expansions, to more than sufficient accuracy. Thus it is feasible to implement the
conditional acceleration constraints in the stochastic model.

Appendix B
The expansion for particle one’s velocity variance is

,\

Cupupy = o 20, —I-( <u Uy >+ (u Uy >) (t—t)+...., (B

A=d,

where we are following the earlier conventions and have used (6.8). Using the
representation of §5, i.e. assuming Gaussian P,, we find that

0py. . ~on
(up st ay) = pyp ajk + 275 Prae + Vi Pry P~ Vit — Pl ) (B2)

and a similar expression for the other part of (B 1). Finally, using the constraints (5.8)
and (7.3), gives that, for the coeflicient of (+—¢,)* in (C 1) to vanish, we must have

A=A+ A = f 1,
(1—g»(1 +/)(BY+ By = —gf", (B 3)
—1=NBY—BH) + (1 —fg) CV—(f—g?) D™ = Lfg' —Lgf".

Now (B 3) is actually exactly the consequence of (6.9), with zero ¥-vector. However,
because of the gradient operator in (B 1), a non-trivial divergence-free ¥-vector will
not alter the coefficient, so that (6.12) (or more properly (7.5)) will also imply that the
one-particle velocity variance is constant at least to second order in 1 —1,.

Appendix C

Thomson (1987) has shown that in the limit ¢, = 26*/C,¢ >0, (2.1) has a diffusion
limit in which particle position is Markovian. For a given flow (in which ¢® and ¢ are
specified) it is appropriate to identify this diffusion limit with the limit C;->00. Thus
we anticipate that this limit will determine the behaviour of the stochastic models under
consideration here as C, is allowed to increase.

All of the models we have considered have been of the form

du, = — ;ie w; dr+ @, dt+(Co )2 dW, (i=1,2,...,6), (C1)

where ¢, is a quadratic function of u (see §4). Because of this quadratic behaviour, the
diffusion limit is independent of the details of ¢,, i.e. all of the models we consider have
the same diffusion limit (Thomson 1987). For a Gaussian Py, this limit is

jal 441/2
dx, = %”m+Q;) AFEAW (i=1,2,...,6), (C2)
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where the diffusivity tensor is given by

20 0 L.
Kij=z,—-/\ik. Ay (Gi=1,2,...,6) (C3)
o€

and we reqall that ¢ ;! is the six-dimensional Eulerian velocity correlation tensor (see
(3.6)) andisa fun(?tion of 4. Using the block structure (3.1) to write 2™ in terms of one-
point and two-point correlation tensors, and introducing the isotropic forms (3.1ac)
and vs(/e can derive from (C3) a diffusion equation for the particle separation,
A4 = x®_x

45* ., 4at\1/? 4,4, _
dt =~ a a2 (-0 2 -0, ) G=1.2.3)
(C5)
The Fokker-Planck equation corresponding to (C 4) can be written
oP(4,t;4,,0) 140" ¢ ( , 2 0P(4,1;4,,0)

) - L L4 LD (C5)

and for inertial-range separations, (3.3) can be used to write (C 5) as

OP(4,t;4,,0)  C*e'7? (w s 0P(4,8;4,,0) 2 P(4,1;4,,0)

T O L 7 R EEEY) co

For travel times within the inertial sub-range, i.e. for ¢, € t < ¢, the initial dependence
on 4, disappears and P is a function only of the scalar separation. A similarity solution
of (B 6) can then be found:

2187
P — -1/2 __9r2/3\.
then with & = 4(4C%¢'¢/C) % we have the time-dependent solution for 4-statistics.
Hence, in the diffusion limit, the mean-square separation in the inertial sub-range is

6

(4*) = s € et (1, €t <Kty).

Thus in this limit the inertial sub-range constant € from (4.5) is given by

1144 C*

REFERENCES
BaTcHELOR, G. K. 1949 Diffusion in a field of homogeneous turbulence. I. Eulerian analysis.
Austral. J. Sci. Res. A 2, 437-450.

BATCHELOR, G. K. 1952 Diffusion in a field of homogeneous turbulence. II. The relative motion of
particles. Proc. Camb. Phil. Soc. 48, 345-362.

BATCHELOR, G. K. 1933 The Theory of Homogeneous Turbulence. Cambridge University Press.

BoraGas, M. §. 1991 The multifractal nature of turbulent dispersion. In Advances in Turbulence 3 (ed.
A. V. Johansson & P. H. Alfredsson), pp. 125-132. Springer.

BorGas, M. S. 1993 The multifractal Lagrangian nature of turbulence. Phil. Trans. R. Soc. Lond.
A 342, 379-411.



Stochastic models for two-particle dispersion in turbulence 99

BORGAS, M. 8. & SAWFORD, B. L. 1991 The small-scale structure of acceleration correlations and its
role in the statistical theory of turbulent dispersion. J. Fluid Mech. 228, 295-320.

BorGas, M. S. & SawrorD, B. L. 1994 Stochastic equations with multifractal increments for
modelling turbulent dispersion. Phys. Fluids 6, 618-633.

DursIN, P. A. 1980 A stochastic model of two-particle dispersion and concentration fluctuations in
homogeneous turbulence. J. Fluid Mech. 100, 279-302.

Fung, J. C. H., Hunt, J. C. R, MaLIK, N. A. & PerkiINS, R.J. 1992 Kinematic simulation of
homogeneous turbulence by unsteady random Fourier modes. J. Fluid Mech. 236, 281-318.

GARDINER, C. W. 1983 Handbook of Stochastic Methods for Physics Chemistry and the Natural
Sciences. Springer.

Hanna, S. R. 1981 Lagrangian and Eulerian time-scale relations in the daytime boundary layer.
J. Appl. Met. 20, 242-249.

KapLan, H. & DiNaRr, N. 1989 The interference of two passive scalars in a homogeneous isotropic
turbulence field. J. Fluid Mech. 203, 273-287.

MoNIN, A. S. & YAGLOM, A. M. 1975 Statistical Fluid Mechanics, vol. 2. MIT Press.
Novikov, E. A. 1963 Random force method in turbulence theory. Sov. Phys. JETP 17, 1449-1454.

Novikov, E. A. 1989 Two-particle description of turbulence, Markov property, and intermittency.
Phys. Fluids A 1, 326-330.

Novikov, E. A. 1990 The effects of intermittency on statistical characteristics of turbulence and
scale similarity of breakdown coefficients. Phys. Fluids A 2, 814-820.

OBUKHOV, A. M. 1959 Description of turbulence in terms of Lagrangian variables. Adv. Geophys.
6, 113-116.

Poek, S. B. 1985 Pdf methods for turbulent reactive flows. Prog. Energy Combust. Sci. 11, 119-192.

Porg, S. B. 1987 Consistency conditions for random-walk models of turbulent dispersion. Phys.
Fluids 30, 2374-2379.

Porg, 8. B. 1994a¢ On the relationship between stochastic Lagrangian models of turbulence and
second-moment closures. Phys. Fluids 6, 973-985.

Pope, S. B. 19945 Lagrangian PDF methods for turbulent flows. Ann. Rev. Fluid Mech. 26, 23-63.

Porg, S. B. & CHEN, Y. L. 1990 The velocity-dissipation pdf model for turbulent flows. Phys. Fluids
A 2, 1437-1449.

SAwWFORD, B. L. 1985 Lagrangian statistical simulation of concentration mean and fluctuation fields.
J. Clim. Appl. Met. 24, 1152-1166.

SAWFORD, B. L. 1991 Reynolds number effects in Lagrangian stochastic models of dispersion. Phys.
Fluids A 3, 1577-1586.

SAWFORD, B. L. & BorGas, M. S. 1994 On the continuity of stochastic models for the Lagrangian
velocity in turbulence. Physica D (in press).

SawrFoRrD, B. L. & Guest, F. M. 1988 Uniqueness and universality of Lagrangian stochastic models
of turbulent dispersion. Proc. 8th Conf. on Turbulence and Diffusion (San Diego), pp. 96-99. Am.
Met. Soc.

SAwFORD, B. L. & Hunt, J. C. R. 1986 Effects of turbulence structure, molecular diffusion and
source size on scalar fluctuations in homogeneous turbulence. J. Fluid Mech. 165, 373-400.

TAYLOR, G. 1. 1921 Diffusion by continuous movements. Proc. Lond. Math. Soc. 20, 196-211.

TroMmsoN, D.J. 1987 Criteria for the selection of stochastic models of particle trajectories in
turbulent flows. J. Fluid Mech. 180, 529-556.

TroMson, D. J. 1990 A stochastic model for the motion of particle pairs in isotropic high Reynolds
number turbulence, and its application to the problem of concentration variance. J. Fluid Mech.
210, 113-153.

TOWNSEND, A. A. 1976 The Structure of Turbulent Shear Flow. Cambridge University Press.

WARHAFT, Z. & LUuMLEY, J. L. 1978 An experimental study of the decay of temperature fluctuations
in grid-generated turbulence. J. Fluid Mech. 88, 659-684.

YEUnG, P. K. & Popg, S.B. 1989 Lagrangian statistics from direct numerical simulations of
1sotropic turbulence. J. Fluid Mech. 207, 531-586.





